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Abstract
Within the ACCMM model the average kinetic energy of heavy quark in a








, solely from the fact that the Gaus-
sian momentum probability distribution has been taken in the ACCMM model.
Therefore, the Fermi momentum parameter p
F
of the ACCMM model is not a
truly free parameter, but is closely related to the average kinetic energy of heavy
quark, which is theoretically calculable in principle. In this context, we determine
p
F
by comparing the theoretical prediction of the ACCMM model with the model
independent lepton energy spectrum of B ! eX from the recent CLEO analy-





GeV. We also calculate p
F
in the relativistic
quark model by applying the quantum mechanical variational method, and ob-
tained p
F
= 0:5  0:6 GeV. We show the correspondences between the relativistic
quark model and the heavy quark eective theory. We then clarify the importance
of the value of p
F







In the standard SU(2)  U(1) gauge theory of Glashow, Salam and Weinberg
the fermion masses and hadronic avor changing weak transitions have a some-
what less secure role, since they require a prior knowledge of the mass generation
mechanism. The simplest possibility to give mass to the fermions in the theory
makes use of Yukawa interactions involving the doublet Higgs eld. These in-
teractions give rise to the Cabibbo{Kobayashi{Maskawa (CKM) matrix: Quarks
of dierent avor are mixed in the charged weak currents by means of an uni-
tary matrix V . However, both the electromagnetic current and the weak neutral
current remain avor diagonal. Second order weak processes such as mixing and
CP{violation are even less secure theoretically, since they can be aected by both
beyond the Standard Model virtual contributions, as well as new physics direct
contributions. Our present understanding of CP{violation is based on the three{
family Kobayashi{Maskawa model [1] of quarks, some of whose charged{current
couplings have phases. Over the past decade, new data have allowed one to rene
our knowledge about parameters of this matrix V .
In the minimal Standard Model CP violation is possible through the CKM
mixing matrix of three families, and it is important to know whether the element
V
ub
is non-zero or not accurately. Its knowledge is also necessary to check whether
the unitarity triangle is closed or not [2]. However, its experimental value is very
poorly known presently and its better experimental information is urgently re-
quired. At present, the only experimental method to measure V
ub
is through the
end-point lepton energy spectrum of the inclusive B-meson semileptonic decays,
e.g. CLEO [3] and ARGUS [4], and their data indicate that V
ub
is non-zero. Re-
cently it has also been suggested that the measurements of hadronic invariant mass
spectrum [5] as well as hadronic energy spectrum [6] in the inclusive B ! X
c(u)
l
decays can be useful in extracting jV
ub
j with better theoretical understandings. In
2
future asymmetric B factories with vertex detector, the hadronic invariant mass
spectrum will oer alternative ways to select b! u transitions that are much more
ecient than selecting the upper end of the lepton energy spectrum, with much
less theoretical uncertainties.
The simplest model for the semileptonic B-decay is the spectator model which
considers the decaying b-quark in the B-meson as a free particle. The spectator
model is usually used with the inclusion of perturbative QCD radiative corrections
[7]. Then the decay width of the process B ! X
q

























































is the mass of the nal q-quark decayed from b-quark. Here f(z) is the




+1:5 is the corresponding single




, therefore small dierence of m
b
would change the decay width
signicantly. The model of Altarelli et al: [9] (ACCMM model) is an improvement
on the naive free-quark decay spectator model, but at the cost of introducing
several free parameters: the nal (charm) quark mass m
c
, the spectator mass m
sp
,
and the most important Fermi momentum function (p; p
F
) that includes both
binding and nal state interaction eects.
In Section 2, we determine the Fermi momentum parameter p
F
by comparing
the theoretical prediction of the ACCMM model with the model independent lep-
ton energy spectrum of B ! X
c
l for the whole region of electron energy, which
has been recently extracted by CLEO [10]. Previously, the comparison had been
hampered by the cascade decay of b ! c ! sl, and only the part of lepton
energy spectrum (E
l
> 1:8 GeV) could be compared to give p
F
 0:3 GeV. How-
ever, we argue that the value p
F
 0:3 GeV, which has been commonly used in
experimental analyses, has no theoretical or experimental clear justication, even
though there has been recently an assertion that the prediction of heavy quark
3
eective theory (HQET) approach [11], far from the end-point region, gives ap-
proximately equal shape to the ACCMM model with p
F
 0:3 GeV. Therefore,
it is strongly recommended to determine the value of p
F
more reliably and inde-
pendently, when we think of the importance of its role in experimental analyses.
A better determination of p
F
is also interesting theoretically since it has its own
physical correspondence related to the average kinetic energy (hp
2
i) of heavy quark
inside heavy (B) meson. In this context we calculate theoretically the value of hp
2
i
in the relativistic quark model using quantum mechanical variational method in










as we explain in Section 4. Section 5 contains our conclusions.
2. Determination of p
F
from the Experimental Spectrum
Altarelli et al: [9] proposed for the inclusive B-meson semileptonic decays their
ACCMM model, which incorporates the bound state eect by treating the b-quark
as a virtual state particle, thus giving momentum dependence to the b-quark mass,


















in the B-meson rest frame, where m
sp
is the spectator quark mass, m
B
is the
B-meson mass, and p is the momentum of the b-quark inside B-meson.
For the momentum distribution of the virtual b-quark, Altarelli et al: considered

















where the Gaussian width, p
F
, is treated as a free parameter. Then the lepton



































is the maximum kinematically allowed value of p = jpj. The ACCMM
model, therefore, introduces a new parameter p
F
for the Gaussian momentum
distribution of the b-quark inside B-meson, instead of the b-quark mass of the
spectator model. In this way the ACCMM model incorporates the bound state
eects and reduces the strong dependence on b-quark mass in the decay width of
the spectator model.
The Fermi momentum parameter p
F
is the most essential parameter of the
ACCMM model, as we explained in the above. However, the experimental deter-
mination of its value from the lepton energy spectrum has been very ambiguous,







tted all together from the limited region of end-point lepton energy spectrum
(E
l
> 1:8 GeV) to avoid the cascade decay of b ! c ! sl, and because the
perturbative QCD corrections are very sensitive in the end-point region of the
spectrum. Recently, CLEO [10] extracted the model independent lepton energy
spectrum of B ! X
c
l for the whole region of electron energy from 2.06 fb
 1
of
(4S) data, which is shown in Fig. 1, with much smaller uncertainties compared to
the previously measured results of ARGUS [12]. Now we compare the whole region
of experimental electron energy spectrum of CLEO with the theoretical prediction
of ACCMMmodel, Eq. (4), using p
F







= 1:4; 1:5; 1:6; 1:7 GeV, which are the values commonly used




analysis. In Table I,
we show the extracted values of p
F
(in GeV) and 
2
min





As can be seen, the minimum 
2
is about 1.0 with p
F
















: if we instead use smaller m
c
, the best t value of p
F
increases,
and vise versa. In Fig. 1, we show the theoretical ACCMM model spectrums
with p
F
= 0:44; 0:51; 0:59 GeV (m
c
= 1:5 GeV, m
sp
= 0:0 GeV), correspond-
ing to dashed-, full-, dotted-line, respectively. The experimental data and the
theoretical predictions are all normalized to the semileptonic branching ratio,
BR(B ! Xl) = 10:49 %, following the result of CLEO [10].
Previously, we extracted p
F
similarly by comparing the theoretical predic-






GeV , which is apart from Eq. (5) within one  standard de-
viation. However, we note that the new result from CLEO, Eq. (5), has much
smaller uncertainties. In Sections 3 and 4, we give in detail the related physics of
this unexpected large value of the parameter p
F
.
3. Average Kinetic Energy of Heavy Quark iniside Heavy Meson
Recently considerable progresses have been achieved on the relation of the
ACCMMmodel with QCD [14{16]. Especially Bigi et al: [14] derived an inequality
between the expectation value of the kinetic energy of the heavy quark inside the













The experimental value of the right hand side of Eq. (6) is 0.36 GeV
2
for B-meson
system [17]. This bound corresponds to p
F
 0:49 GeV for B-meson, because in
the ACCMM model the average kinetic energy, hp
2
















This relation (7) was obtained solely from the fact that the Gaussian momentum
probability distribution was taken in the ACCMM model, and therefore the lower
bound p
F
 0:49 GeV is independent of any other input parameter values of the
6
ACCMM model, and is much larger than the commonly used value p
F
 0:3 GeV.
Ball et al: [16] also calculated hp
2
i using the QCD sum rule approach, and obtained
hp
2
i = 0:500:10 GeV
2
for B-meson, corresponding to p
F
= 0:580:06 GeV from
Eq. (7). We note that the heavy quark inside the hadron possesses more kinetic
energy than the value one might expect naively from the nonrelativistic consid-
eration. We also note that the Fermi momentum parameter p
F
of the ACCMM
model is not a truly free parameter, but is closely related to the average kinetic
energy of heavy quark, which is theoretically calculable in principle.
We consider the relativistic potential model with the quantum mechanical vari-
ational technique to theoretically calculate the average kinetic energy of b-quark
inside B-meson, and to compare the results with the predictions of the HQET. The
potential model has been successful to describe the physics of  and  families
with the nonrelativistic Hamiltonian. However, for B-meson it has been dicult
to apply the nonrelativistic potential model because of the relativistic motion of
the light quark inside B. In this work, we study B-meson system with a realistic
Hamiltonian, which is relativistic for the light quark and nonrelativistic for the
heavy quark, and adopt the variational method to solve it. We take the Gaussian
function as the trial wave function, and obtain the ground state energy and wave
function by minimizing the expectation value of the Hamiltonian.











+ V (r) ; (8)
where M  m
b
is the heavy quark mass and m  m
sp
is the u- or d-quark mass
(which corresponds to the spectator light quark mass in the ACCMM model). We
apply the variational method to the Hamiltonian (8) with the trial wave function













where the parameter  is a variational parameter. The Fourier transform of  (r)














We note here that the Gaussian momentum probability distribution of the AC-




. See Eqs. (3) and (10). The ground
state is given by minimizing the expectation value of H,
hHi = h jHj i = E() ;
d
d
E() = 0 at  =  ; (11)
and then the value

E  E() approximates the B-meson mass M
B
, and at the
same time we get   p
F
, the Fermi momentum parameter in the ACCMM model.
As is well known, the value of  or p
F
corresponds to the measure of the radius








We now take in Eq. (8) the Cornell potential, which is composed of the
Coulomb and linear potentials with a constant term,















The additive constant V
0
, which is related to the regularization concerned with
the linear conning potential [18], is usually known as avor dependent: V
0
= 0
for heavy-heavy meson system, V
0
=  0:2 GeV for B-meson system [19]. We use
the value of K = 0:19 GeV
2








) we will consider two values 
s
= 0:35 and 0:24 separately. The rst
choice 
s
= 0:35 is the value which has been determined by the best t of (cc) and
(b

b) bound state spectra [20], and 
s
= 0:24 is that given by the running coupling
constant for the QCD scale at M
B
.
With the Gaussian trial wave functions, (9) and (10), the expectation value of


































































































In our previous study [21], we obtained the last integral in Eq. (14) as a power
series of (m=)
2
. And when we write up to the order of (m=)
4










































































and the next order terms (O((m=)
4
)) contribute only less than 1 %. Then, we nd
the minimum value of E() in (16) by the variational method, and the minimum












) = 0 ; (17)
where





















= 0 ; (19)
where b = 3
p
=4 is a constant. Then, we expand , which satises Eq. (19), as a












+    ; (20)
9































;    : (21)













, and that of  which minimizes E() in Eq. (16), for 
s
= 0:35 and
0:24 separately. We also considered three dierent values of the light quark mass
m ( m
sp
) = 0:00; 0:15; 0:30 GeV, in order to see the dependence of the results
on the light quark mass m. As we can see from (17) and (18), the eect of m
comes in only through the little modication of , because   K +m
2
=2  K.






and  with the input values of 
s
and
the light quark mass m ( m
sp
) are presented in Table II. As previously explained,





With  of (20) and (21), we can get the following expectation values of the



















































































































































+ V (r)i, which
can be considered as the contributions from the light degrees of freedom. The
10
term of the order of 1=M is from the heavy quark momentum squared hp
2
i, that







+ V (r)i and hp
2
i contribute to the term of the order of 1=M
2
.






+ V (r)i does not contribute to the term of the order of
1=M is consistent with the result of the heavy quark eective theory (HQET): the
contribution of the light degrees of freedom to the mass of heavy-light meson does
not have a term of the order of 1=M [22]. In the HQET, the mass of a heavy-light






















 M) is the contribution from the light degrees of freedom,
for which Neubert obtained

 = 0:570:07 GeV [22]. T  hp
2
i is the expectation
value of the kinetic energy of the heavy quark (up to 2M) inside a heavy-light
meson, and 
 is the expectation value of the energy due to the chromomagnetic
hyperne interaction with 
V
= 1=4 and 
P
=  3=4. In this paper we do not con-
sider the chromomagnetic hyperne interaction term. We will present a detailed
study on the correspondences between the relativistic quark model and the heavy
quark eective theory in another forthcoming papar [23]. Here we calculated only
T and

 up to the order 1=M
2
by using (22) and (23), and obtained the values
shown in Table III. In Table III, we also show the values of the Fermi momentum
parameter p
F
( ; shown in Table II) of the ACCMM model using the relation
(7). We summarize Section 3 by noting that the value of the Fermi momentum
parameter of the ACCMM model is p
F
= 0:5  0:6 GeV and is much larger than
 0:3 GeV, as can be seen from Table III, and the heavy quark inside the hadron
possesses much more kinetic energy than the value one might expect naively from
the nonrelativistic consideration.
11






j on the average kinetic energy of
heavy quark inside B-meson
Now we consider the dependence on the average kinetic energy (or equiva-
lently Fermi momentum parameter p
F
of ACCMM model) of b-quark in B-meson
semileptonic decay, hp
2













































l) must be calculated from theory.
(See Eq. (1).) CLEO [10] has extracted jV
cb
j = 0:040  0:001  0:004 from their
measurements of
BR(B ! Xl) = (10:49  0:17  0:43) % ;

B
= (1:61 0:04) psec ; (27)
and by assuming 
c
= (39  8) psec
 1
. If we instead theoretically calculate 
c
with the ACCMM model by using p
F


























 1:1 = 0:044  0:001  0:004 : (28)
The ACCMM model also provides an inclusive lepton energy spectrum of the




j. The lepton energy
spectrum is useful in separating b! u transitions from b! c, since the end-point
region of the spectrum is completely composed of b! u decays. In applying this
method one integrates (4) in the range 2:3 GeV < E
l
at the B-meson rest frame,

























In (29) we specied only p
F
dependence explicitly in the left-hand side. Then









in the region 2:3 GeV < E
l
















In the real experimental situations [3,4,12,24], the only measured quantity is the
number of events in this region of high E
l
compared to the total semileptonic
































as a function of the
parameter p
F






























































is determined with an arbitrary value of the Fermi momentum
parameter p
F
. In the right-hand side we used p
F
=0.3 GeV because this value is
























































) by using (4) and (29)
with m
sp




= 0:15 GeV, which are the values commonly used
by experimentalists, and m
B









0:3)j as a function of p
F
in Fig. 2. If we use p
F
= 0:5  0:6 GeV, instead
of p
F
= 0:3 GeV, in the experimental analysis of the end-point region of lepton




j becomes signicantly changed.
Previously the CLEO [24] analyzed with p
F
= 0:3 GeV the end-point lepton






j = 0:76  0:08 (ACCMM with p
F
= 0:3 [24]) ;
= 1:01  0:10 (Isgur et al: [25]) : (33)
As can be seen, those values are in large disagreement. However, if we use p
F
=





j  1:07  0:11 (ACCMM with p
F
= 0:5  0:6) ; (34)









j on the parameter p
F
is much
stronger compared to that of jV
cb
j. This is because the p
F
dependence of the inclu-
sive distribution d =dE
l
is particularly sensitive in the end-point region of lepton
energy spectrum, and becomes even more sensitive if we restrict ourselves only in
the limited region of end-point, as shown in Eq. (29). We would like to emphasize
again that the measurements of the hadronic invariant mass spectrum [5] in the
inclusive B ! X
c(u)
l decays can be much more useful in extracting jV
ub
j with
better theoretical understandings, where we can use almost the whole region of
decay spectrum.
5. Conclusions
The value of the Fermi momentum parameter of the ACCMM model p
F
 0:3
GeV, which has been commonly used in experimental analyses, has no theoreti-
cal or experimental clear justication. Therefore, it is strongly recommended to
determine the value of p
F
more reliably and independently, when we think of the
importance of its role in experimental analyses. It is particularly important in the









on the parameter p
F
is very strong, because the inclusive lepton energy distribu-
tion is particularly sensitive to the variation of p
F
at the end-point region, and
becomes even more sensitive if we restrict ourselves only in the limited region of
14
end-point. A better determination of p
F
is also interesting theoretically since it
has its own physical correspondence related to the average kinetic energy hp
2
i of
the heavy quark inside B-meson. Within the ACCMM model the average kinetic








, solely from the fact that the Gaussian momen-
tum probability distribution has been taken in the ACCMMmodel. Therefore, the
Fermi momentum parameter p
F
of the ACCMM model is not a truly free param-
eter, but is closely related to the average kinetic energy of heavy quark, which is
theoretically calculable in principle.
In this context we calculated theoretically the value of p
F
in the relativistic
quark model using quantum mechanical variational method. It turns out that
p
F
= 0:5  0:6 GeV, which is consistent with the value of p
F
determined by com-
paring the ACCMM model prediction and the model independent lepton energy





GeV. We note that the value of
the Fermi momentum parameter of the ACCMM model is much larger than  0:3
GeV, and the heavy quark inside the hadron possesses much more kinetic energy
than the value one might expect naively from the nonrelativistic consideration. We
also found the correspondences between the relativistic quark model and the heavy
quark eective theory by the 1=M
Q
expansion, and the result shows that they are
consistent with each other. If we use p
F
= 0:5  0:6 GeV, instead of p
F
= 0:3
GeV, in the experimental analysis of the end-point region of lepton energy spec-




j is increased by the factor of 1:3  1:5 compared with
the case of p
F
= 0:3 GeV. Here we would like to emphasize that the measurements
of the hadronic invariant mass spectrum in the inclusive B ! X
c(u)
l decays can
be much more useful in extracting jV
ub
j with better theoretical understandings. In
future asymmetric B factories with vertex detector, the hadronic invariant mass
spectrum will oer alternative ways to select b! u transitions that are much more
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TABLES
TABLE I. The values of p
F
(in GeV) and 
2
min




(in GeV). We derived the values using 
2
analysis by comparing the whole region of
experimental electron energy spectrum of CLEO [10], which is shown in Fig. 1, with the
theoretical prediction of ACCMM model, Eq. (4) using p
F








= 1.4 1.5 1.6 1.7 m
c
























1.09 1.00 1.41 2.05 1.44 1.05 1.09 1.47
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in the 1=M expansion
of , Eq. (20), and the values of  which minimizes E() in Eq. (16). We varied

s
= 0:35, 0.24 and the light quark mass m (m
sp















= 0:15 0.61  0:63 1.62 0.54
m
sp
= 0:30 0.67  0:76 2.13 0.61
m
sp





= 0:15 0.54  0:38 0.68 0.49
m
sp
= 0:30 0.59  0:46 0.89 0.54
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TABLE III. The average kinetic energy T (up to 2M) of the heavy quark, the con-
tribution of the light degrees of freedom

, and the Fermi momentum parameter p
F
of
B-meson system, for 
s
= 0:35, 0.24 and m ( m
sp
) = 0:00, 0.15, 0.30 GeV. The results
obtained by the 
2
analysis of the recent CLEO lepton energy spectrum, and those from













= 0:15 0.47 0.46 0.54
m
sp
= 0:30 0.57 0.52 0.61
m
sp





= 0:15 0.38 0.54 0.49
m
sp
= 0:30 0.45 0.61 0.54
CLEO [10] | | 0.51
0:08
0:07
Bigi et al: [14]  0:36 |  0:49
Ball et al: [16] 0.500:01 | 0.580:06
Neubert [22] | 0.570:07 |
21
Fig. 1 The normalized lepton energy spectrum of B ! X
c
l for the whole region
of electron energy from the recent CLEO [10] measurement. Also shown are the
theoretical ACCMM model predictions, Eq. (4), using p
F
= 0:44; 0:51; 0:59 GeV,
22
corresponding to dashed-, full-, dotted-line, respectively. The minimum 
2
equals
to 1.00 with p
F
= 0:51 GeV. We xed m
sp














= 0:3)j as a function of p
F
.
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